ABSTRACT. We consider the Lane-Emden Dirichlet problem
INTRODUCTION
We consider the superlinear elliptic Dirichlet problem −∆u = |u| p−1 u, in B,
where B is the unit ball in R 2 and p > 1.
In this paper, we are interested in studying the asymptotic behavior, as p → +∞, of the least energy sign changing radial solution of (P p ) which will be denoted by u p . This solution has two nodal regions and it has been proved in [2] that it is not the least energy nodal solution of Problem (P p ) in the whole space H 1 0 (B). Indeed, u p has Morse index at least three while the least energy nodal solution has Morse index two (see [3] ) and its nodal line touches the boundary ( [2] ).
In our previous paper [9] , we have analyzed the asymptotic behavior, as p → +∞, of low energy nodal solutions w p of Problem (P p ), i.e. solutions satisfying :
as p → +∞ in general bounded regular domains Ω. Under the additional condition (B) that we recall later, we have proved, among other results, that suitable rescaling of both w + p and w − p converge, as p → +∞, to the regular solution U of the Liouville equation in R 2 with R 2 e U < +∞. Moreover the L ∞ -norms w ± p ∞ converge to the same value √ e and, in Ω for large p, pw p looks like the difference of two Green functions, centered at the maximum and the minimum point of w p which are far away from each other. So for this kind of solutions the positive and negative part separate but have the same profile and approach, after suitable rescaling, the same solution of the same limit problem in R 2 , as p → +∞.
A similar analysis was carried out in [5] for low energy nodal solutions of an almost critical problem in a bounded domain Ω in R N , N ≥ 3, namely :
−∆u = |u| (2 * −2)−ε u, in Ω,
where 2 * =
2N
N−2 , ε > 0 and ε → 0. A complete classification of these solutions given in [5] together with an existence result of [11] show the presence of both nodal solutions concentrating at two different points or at a single point. In both cases, positive and negative points of the solution converge, after rescaling, to the positive solution of the analogous problem in R N .
By the results of these two papers it is not difficult to deduce that for the least energy nodal radial solution of (P2 ε ) in the ball the positive and negative part concentrate at the center of the ball as ε → 0, approaching the analogous problem in R N and carrying the same energy.
In view of these results, in studying the behavior of the least energy nodal radial solution of (P p ) as p → +∞, one could expect a similar asymptotic behavior.
However that is not the case and we are able to show an interesting new phenomenum : the positive and negative part of u p concentrate at the center of the ball but the limit problems for u + p and u − p are different. Indeed, assuming w.l.o.g. that u p (0) < 0, we prove that a suitable rescaling of u − p converges to the regular solution of the Liouville equation in R 2 while a suitable rescaling of u + p converges to a singular solution of a singular Liouville equation in R 2 . Moreover the limits of the L ∞ -norms of u + p and u − p are different as well as the energies. This shows that in our case the situation is more subtle and we think that it is peculiar of the fact that we work in dimension 2 (see also Remark 3.4) To be more precise let us consider the following problems :
which has the unique regular solution
and, for δ 0 being the Dirac measure at the origin,
where H is a constant, and whose radial solutions can be all computed explicitely. Note that (L1) is the classical Liouville equation in R 2 while (L2), after an easy transformation, reduces to a limiting equation which appears in the blow-up analysis of periodic vortices for the Chern-Simons theory. Then, denoting by
• s p ∈ (0, 1) the value of the radius such that
∞ ; we have the following results :
. Then, l > 0 and defining the one-variable function
in the interval
wheret ≈ 0.7875 is the unique root of the equation 2 √ e log t + t = 0, and
Moreover pu p (x) converges to 2πγG( To prove the previous results we start showing that the nodal line shrinks to the origin. Later, as a consequence of the rescaling argument and of the estimates needed to prove Theorem 1 and Theorem 2 we also get the rate of convergence of the "nodal radius" r p . More precisely we show :
≈ 0.67 fort as in Theorem 2.
Remark 4.
As mentioned before we already know by [2] that the solutions u p are not the least energy nodal solutions of (P p ) in the whole H 1 0 (B). The convergence result (7) shows that u p are not even "low energy" solutions in the sense that they do not satisfy (1) . Moreover, by comparing (1) and (7) we get the exact difference between the limit energies of this kind of solutions.
The proofs of the above theorems are quite long and technically complicated. They follow from several delicate asymptotic estimates on u − p and u + p . In particular, the ones which concern the asymptotic behavior of u + p , i.e. the part of u p supported in an annulus are nontrivial and crucial for the final results.
In the final part of the paper we shortly complete the analysis of low-energy nodal solutions done in [9] , in the case of the ball by considering solutions w p which satisfy (1) and
with
Theorem 5. If w p are sign changing solutions of (P p ) with Morse index two, satisfying (1) and (B) with x ± = lim p→+∞ x ± p then pw p converge, as p → +∞ in C 1 (R 2 \ {x + , x − }) to a function which is even with respect to the diameter passing through x + and x − and odd with respect to the orthogonal diameter.
The previous result is a further step in the direction of proving that low energy solutions are indeed antisymmetric functions as it is conjectured to be the case for least energy nodal solution in the ball.
The paper is organized as follows. In Section 2 we prove some preliminary estimates on u p and u − p and we show that the nodal line shrinks to the origin. In Section 3 we prove the important estimates on u + p . In Section 4 we prove some crucial lemmas about the limit values of u + p ∞ and r p , as p → +∞. From these we deduce the proofs of Theorem 1, Theorem 2 and Theorem 3. Finally, in Section 5 we prove Theorem 5.
PRELIMINARY ESTIMATES ON
Control of the total energy. We first recall that solutions of problem (P p ) are the critical points of the energy functional E p defined on H 1 0 (B) by
If u is a nodal solution then
So, E p (u) = This first proposition gives a control on the energy and, thus, on the H 1 0 and L p+1 -norms. Let us remark that this result will be improved in Theorem 2.
Proof. On one hand, let us consider the unique positive radial solution
Using some results of [8] (see also [7] ), by some delicate and nontrivial estimates in [6] it is proved that for R p = e −α p and α > 0,
for p sufficiently large.
On the other hand, let us consider the unique positive radial solution η p of −∆u = u p in B(0, R p ) and define η p (r) = η p (|x|).
where f p is the unique positive solution of −∆u = u p on the unit ball B. In [1] , [7] , it is proved that 2.2. The nodal line shrinks to (0, 0). In the sequel we will use the well known "radial lemma" due to Strauss (see [12] ). Let us denote by H rad (B) the subspace of H 1 0 (B) given by radial functions. Lemma 2.2. There exists c N > 0 such that
The following lemma shows that u ± p ∞ do not go to 0.
Lemma 2.3. For any p > 1 we have that u
where λ 1 is the first eigenvalue of −∆ on B.
Proof. Using Poincaré's inequality, we get 
Let us denote, as in Section 1, by r p the "nodal radius", i.e. u p (x) = 0 for |x| = r p . We will prove that r p → 0 as p → +∞.
Proposition 2.5. r p → 0 as p → +∞.
Proof. Assume by contradiction that r p ≥ r * > 0. Then, by the radial lemma 2.2, we get
which is a contradiction with Proposition 2.1 .
Moreover, using the same kind of argument as in the proof of Proposition 2.1, we obtain the following proposition. Proposition 2.6. We have, as p → +∞,
Proof. We again consider the function f p = r 2/(p−1) p u p (r p r) which is the ground state of our problem on B and we use estimates on f given in [1, 9] . In particular, we use that p
As r p ≤ 1, let us remark that the second point of Proposition 2.6 implies that there exists 0 < a such that a < r 
2.3. Rescaling in the ball B(0, r p ).
Proof. We have that z − p satisfies −∆z
So, a classical argument (see [1, 7, 9] ) gives that z − p → z ∞ in C 1 loc (D), where D is the limit domain of B(0, r p /ε − p ) as p → +∞ and −∆z ∞ = −e −z ∞ . Moreover
As p 1/(p−1) → 1 and, by Proposition 2.6,
, we also get
Hence the limit domain D is the whole R 2 . Let us show that R 2 e −z ∞ < +∞. By Proposition 2.1,
using Hölder's inequality. Therefore we get the assertion recalling that the function −z ∞ = U := log 1 (1+ 1 8 |x| 2 ) 2 solves the problem (L1).
ESTIMATES ON u + p
In this section we prove the following crucial result on the convergence of the rescaling of the positive part u + p . 
converges to a functionz l (r) in
We already know that u + p is a positive radial solution to
As u p is radial, we have u + p (x) = u p (r) with r ∈ (r p , 1). It satisfies
in the interval (r p , 1) with the Dirichlet boundary condition. We get that z + p satisfies for any p > 1
(13) So, we have three possibilities:
The two following results show that the two first possibilities cannot happen.
Lemma 3.2.
Proof. Otherwise, as r p > 0, we have that s p /ε + p → +∞. Passing to the limit in (13), we get z
We know that the unique solution of this problem is given bỹ z l (s) = log 4e
Integrating the equation from r p to s p , we get
As u ′ p (s p ) = 0, by the change of variable r = s p + ε + p s we get
By Fatou's lemma,
by Proposition 2.6, we get
. This is a contradiction as the right-hand side is not bounded ( So, using Proposition 2.6 and since there exists 0 < a such that a < r
Let us consider the two alternatives i)
In the first case, using the change of variable r = s p + ε + p s, we get
which gives a contradiction.
In the second case, as
By Fatou's lemma, we get On one hand, as
As 
which gives a contradiction as z ′ p is uniformly bounded.
Proof of Proposition 3.1 : We know that z
We already know that z + p →z l in compact sets in (−l, +∞) andz l satisfies equation (15). So Z l (s) :=z l (s − l) solves
Let us compute the solutions of equation (16). Setting v(t) = Z l (e t ) + 2t we get that −v ′′ = e 2t e Z l (e t ) = e v in (−∞, +∞). Thus all solutions are given by
Observing that from Z ′ l (t) = 0 we get
which implies that δ = To complete the result, we prove that
Multiplying by ϕ the equation solved by z + p and integrating by parts, we get for p large that 
Then for H = − 0 −l e˜z l (s) (s + l) ds, passing to the limit in equation (18) we obtain
for any ϕ ∈ C ∞ 0 ([−l, +∞)).
FINAL ESTIMATES AND PROOFS OF THEOREM 1, THEOREM 2 AND THEOREM 3
We start with some preliminary identities. Proof. We first observe that, by Proposition 3.1 and using the definiton of β , Remark 5.1. Let us consider the least energy nodal solutionsw p of (P p ). By [9] we know that they satisfy (1) and by [3] we know that they have Morse index two. Therefore if we knew that they satisfy condition (B), Theorem 5 would apply and we could claim thatw p are asymptotically antisymmetric with respect to a diameter. We believe that this is true but so far we have not been able to prove (B) for this kind of solutions.
